Using the adiabatic approximation, we derive the equations of motion for local spin moments which are valid for itinerant as well as tight-binding spins. Material parameters in the equations of motion can be obtained using standard density functional methods, because they depend only on the energy and Berry phase of the constrained ground state of frozen spin configurations. For the calculation of spin waves in a collinear magnet, it is sufficient to know the quadratic forms of total energy and spin component along the symmetry axis as functions of the spin deviations from the ground state configuration. PACS numbers: 75.30.Ds, 03.65.Bz, 75.30.Fv, 75.40.Gb Historically, there have been two opposing points of view of magnetism [1]: The atomic moment picture of Heisenberg and the itinerant electron picture of Bloch and Stoner. Because of its conceptual simplicity, the Heisenberg model has enjoyed a dominant position in the theory of magnetism, despite the tremendous success of the itinerant picture for transition metals. There have also been steady and serious efforts trying to push the atomic moment picture beyond its obvious domain of validity [2, 3] . Recently, it has been proposed to use such local moments to formulate large amplitude spin dynamics which are needed for finite temperature effects on magnetism [4] .
Historically, there have been two opposing points of view of magnetism [1] : The atomic moment picture of Heisenberg and the itinerant electron picture of Bloch and Stoner. Because of its conceptual simplicity, the Heisenberg model has enjoyed a dominant position in the theory of magnetism, despite the tremendous success of the itinerant picture for transition metals. There have also been steady and serious efforts trying to push the atomic moment picture beyond its obvious domain of validity [2, 3] . Recently, it has been proposed to use such local moments to formulate large amplitude spin dynamics which are needed for finite temperature effects on magnetism [4] .
In this Letter, we show that while it is still possible to define local moments for itinerant spins, the usual Landau-Lifshitz equations for the moments must be replaced by more accurate equations of motion. This we establish purely based on the adiabatic assumption of the local moments with respect to the system's other degrees of freedom. For collinear magnets, the Berry curvatures involved in the equations of motion are shown to describe how the total spin component along the symmetry axis changes due to spin deviations from the ground state configuration. A simple formula for the spin wave spectrum, previously derived for ferromagnets in either the free or tight-binding limits, is now shown to be valid everywhere between these limits and for all collinear magnets.
Adiabatic dynamics of the local moments.-Following the usual practice, we partition the space into spin cells of volume V j [5] . There is some empirical knowledge as to how to choose the partition effectively, but one does not have to assign one cell for each atom. We concentrate first on how to derive the best set of equations of motion in the adiabatic limit for a given partition. The spin for a cell is defined as s j ͗cjŝ j jc͘, whereŝ j R V j d 3 rŝ͑r͒, andŝ͑r͒ is the spin density operator. (In this Letter, we use the convention that spin angular momenta have an extra factor ofh beside s.) Let jc͓s͔͘ be the lowest energy state of the electronic system which yields a given spin configuration denoted by ͓s͔. Using a similar method as in [6] , we find
where a labels the spin components, E is the energy of the constrained ground state, and the V matrix elements (Berry curvatures [7] ) are defined as
(2) Therefore, the adiabatic dynamics of the spin moments is completely determined from the energy and the Berry curvatures of the constrained ground state. These quantities can be extracted using standard density functional methods [8] , which are simpler and thus more practical than methods based on the linear response or timedependent density functional theory [9] . There has already been much work on the calculation of the energy [5] , and one also has a few tricks to extract the Berry curvatures [6] . For spin wave calculations, the Berry curvatures are needed only at the ground state, and we will show in this Letter that there is a powerful method to extract them when the spin ground state has an axial symmetry.
The equations of motion (1) are exact in the adiabatic limit [10] for a given partition of the space into cells, and are valid beyond the harmonic approximation or linear response. Based on the variational nature of the theory, the local moment description of the spins becomes better for finer partition of the space, simply because more degrees of freedom are included in the variational wave function [11] . There is nothing intrinsically wrong with the local moment description of itinerant spins; the specification of local moments for every point of space becomes equivalent to the description of spin configuration in terms of its Fourier components as used in [6] .
The Landau-Lifshitz equations.-In the special situation of tight-binding or rigid spins, the wave function 0031-9007͞99͞83(1)͞207(4)$15.00jc͓s j ͔͘ is obtained from the absolute ground state of spin configuration s 0 j by rigidly rotating the spins within each cell, i.e.,
where u j is in the direction of s 0 j 3 s j and has a magnitude given by the angle between s j and s 0 j . The spin operatorsŝ j are for the total spin in each cell, and they satisfy the usual commutation relations for angular momenta, i.e., ͓ŝ
, where e abg is the fundamental antisymmetric tensor. Then, the Berry curvatures can be calculated as
which says that there is no Berry curvature between different cells, and that the Berry curvature within a single cell is given by that of a rigid spin [12] . With this form of the Berry curvature, our general equations of motion (1) reduce to the classical Landau Lifshitz equations
However, the wave function (3) is not the constrained ground state for the given spin configuration in general. The Landau-Lifshitz equations can thus fail for itinerant spins, or when the local moments interact with itinerant electrons [13] . There are at least two ways that intermoment Berry curvatures arise and thus invalidate the Landau-Lifshitz equations. (i) In the presence of electron hopping, the moments at different sites may share the same spin and thus have Berry curvatures between them.
(ii) Additional Berry phases may arise due to the adiabatic following of the neglected degrees of freedom to the local moments.
To illustrate point (i), we have solved exactly a t 2 J 2 B Hamiltonian on two sites,
where a js is the destruction operator on site j and spin state s. When there are two electrons present in the system, there are six different states, four with one electron on each site and two with both electrons on either site. A uniform magnetic field, B j Bẑ, is added to select a direction of magnetization for the ferromagnetic ground state, and our final results have a well defined limit as B ! 0. There are six eigenstates consisting of a triplet with energies 2J 2 B, 2J, and 2J 1 B, and of three singlets with energies at 0 and
2 ), the ground state is one of the triplet, in which the average spin on each site is in the z direction with the full magnitude of 1͞2.
The average spins are tilted when small transverse fields are added to the system. The new ground state can be calculated perturbatively, from which the Berry curvatures at B j Bẑ are extracted exactly. The calculations are tedious but straightforward, and we have obtained the following simple results:
where the xx and yy components all vanish because of the rotational symmetry about the spin z axis. These results clearly demonstrate the effect of intersite hoppings. When t is zero, we go back to the original results of the tightbinding limit. When t is nonzero, not only the on-site Berry curvature is modified, but also an intersite Berry curvature is induced.
To illustrate point (ii) 
Significance of the Berry curvatures.-A transparent physical picture for the Berry curvatures can be obtained if we confine our attention to the case of ground states with rotational symmetry of the spins about an axis. This includes the usual ferromagnets, ferrimagnets, and antiferromagnets, but excludes canted or spiral magnetic structures. No translational symmetry will be assumed except in a special discussion. The Berry curvatures will be related to the reduction of the total spin z component due to the excitations of the spins, and a simple formula for the frequency dispersion will be obtained.
Let the symmetry axis of the ground state be the z direction, then the xy spin components due to a spin wave eigenmode can be written as [14] 
where s j is the amplitude (complex) on the jth site. Using the complex amplitudes in Eq. (10) as the independent variables, we can obtain the same set of equations of motion as in Eq. (1) 
This relation then allows a simple evaluation of the V matrix in a similar manner as for the K matrix, and it is not necessary to invoke directly the constrained ground state wave functions, which are usually much harder to obtain than the spin expectation values. That the relation (12) is valid for all collinear magnets can be easily seen in the tight-binding limit. To establish the relation (12) beyond the tight-binding limit, we first show that i 
The derivatives can be transferred to those with respect to the s j variables, with the result (11), and summing over j, we find that the eigenfrequency can be expressed as
where we have used the relations of the quadratic forms of the K and V matrices to the energy increase and spin-z reduction of the ground state due to the spin excitations [15] . This was obtained by Niu and Kleinman [6] for the special cases of ferromagnets in the jellium and tight-binding limits. It is now shown to be valid everywhere between those limits, and to be valid for all collinear magnets including ferrimagnets and antiferromagnets. Because our derivation does not depend on how the space is partitioned into cells, this formula is an exact result of the adiabatic limit and the axial symmetry of the ground state. There is, in fact, a deep connection between the above simple formula and the quantum theory of spin waves. According to the latter, the energy of a magnon (the spin wave quantum) is justhv, and there is a single spin flip from the ground state per magnon in a ferromagnet. The above formula simply says that the magnon energy is given by the energy of the spin wave divided by the number of magnons in the spin wave. Interestingly, the connection also applies to ferrimagnetic and antiferromagnetic spin waves. In the latter case, the ground state magnetization S z 0 is zero, but ͗Ŝ z ͘ is finite in a spin wave of the form (10) [14] . This can be verified directly from the classical spin wave solutions of the Heisenberg model [16] . The fact that the spectrum goes linearly with k at small k is explained by the observation that ͗Ŝ z ͘, which enters the denominator of the formula (14) , vanishes linearly as k ! 0. Quantum mechanically [16] , the z component of the total spin, which is a good quantum number, has eigenvalues of 61 in each degenerate subspace of one-magnon states, where the negative eigenvalue corresponds to a spin wave of the form (10), while the positive eigenvalue corresponds to a spin wave of the opposite chirality.
The formula (14) can also be used to evaluate the spin wave spectrum. Suppose, for instance, the cell spins in the ground state form a Bravais lattice; then one knows the spin wave eigenmode for each wave vector purely based on the translational symmetry of the system. All one needs to do is to calculate the energy increase due to the presence of the spin wave and the corresponding reduction of the total spin z component, and take the ratio of the two. This method has been used implicitly by Halilov et al. [5] and explicitly by Brown et al. [18] for the evaluation of spin wave spectra of the ferromagnets of crystalline Ni, Co, and Fe.
The only approximation in this method is the assumption of adiabaticity regarding the motion of the cell spins relative to the rest of the degrees of freedom in the system. One type of such degrees of freedom are spin fluctuations within each cell, and they become important when there are more than one atom per cell. In such a case, one should take a finer partition of space for accuracy, and pay the price of not being able to know the spin wave eigenmodes based on symmetry arguments alone. One may still use the formula (14) to calculate the spin wave spectrum variationally based on trial spin wave configurations. Of course, one can always use Eq. (11) or even (1) to obtain the spectrum systematically.
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